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Using the five-site transferable intermolecular potential �TIP5P� we perform molecular dynamics simulations
to investigate the relationship between the excess entropy and anomalies of water. We find that the two-body
excess entropy is an ideal quantity to predict the regions of structural, dynamic, and thermodynamic anomalies
of water in its pressure-temperature and density-temperature phase diagrams. From the excess entropy we can
also predict the location of the Widom line, associated with the hypothesized liquid-liquid critical point in
supercooled water.
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The anomalies of water are related to its local tetrahedral
structure. It is hypothesized that at very low temperatures T,
water undergoes a phase transition between low density liq-
uid �LDL� with large empty space around the tetrahedrally
coordinated molecules and the high density liquid �HDL� in
which additional molecules enter the first coordination shell
and weaken its tetrahedrality �1,2�. When the local structure
is characterized by translational and orientational order pa-
rameters, the regions of anomalous behavior of these param-
eters, and also density � and diffusivity D, are enclosed in
each other on the T-� phase diagram, thus forming a cascade
of anomalies �3�. This fact indicates that various anomalies
are not independent but stem from the same origin, namely
the critical point which terminates the hypothesized LDL-
HDL phase transition coexistence line �1�. The continuation
of this coexistence line into the one-phase region forms the
Widom line �4�. Response functions, such as isothermal
compressibility KT and isobaric heat capacity CP, have
maxima near the Widom line �5�. The Widom line is also
related to the dynamic crossover of water �4,6�.

The models interacting with a repulsive spherically sym-
metric potential �7–14� display waterlike anomalies despite
lack of highly directional hydrogen bonds, because the hard
core of these potentials mimics the rigid first shell of water,
while the repulsive soft core mimics the energy barrier that
water molecules need to overcome to migrate from the sec-
ond shell toward the first shell �9�. The repulsive soft core
creates empty space in the structure which can be reduced by
compression or heating, and this mimics �9� the LDL-HDL
structural transition in water although there is no orienta-
tional interaction and tetrahedral structure in these models.
These two-scale repulsive potentials also exhibit waterlike
structural anomalies �9�. As a measure of structure, Ref. �8�
used excess entropy,

Sex � S − Sig � S + kB ln � − c�T� , �1�

defined as the difference between S, the total entropy of a
fluid, and Sig�−kB ln �+c�T�, the ideal gas entropy, where
kB is the Boltzmann constant. Reference �8� successfully pre-
dicts the density and dynamic anomaly regions for a repul-
sive simple liquid with waterlike anomalies. The connection
between two-body excess entropy S�2� and the “cascade of

anomalies” also applies for fluids of particles with short-
range attractions relative to their diameter. This, and the re-
lationship of the colloidal system’s properties to liquid wa-
ter’s behavior, was first discussed in Ref. �16�. The excess
entropy approach shows promise for application to molecular
liquids. For example, the study of extended simple point
charge �SPC/E� water shows that S�2� can capture the struc-
tural anomaly of water �3,15�. The scaling relation between
the excess entropy and transport properties of different ma-
terials has also been investigated �17�.

These findings suggest that the anomalous properties of
water are closely related to its LDL-HDL structural changes.
We propose that the excess entropy, as a measure of structure
and correlation between particles, can predict the regions of
structural, dynamic, and thermodynamic anomalies of water,
and it can also predict the location of the Widom line. To test
this proposal, we perform constant volume isothermal �NVT�
molecular dynamics �MD� simulations of 512 TIP5P mol-
ecules �18�. The TIP5P water model is able to reproduce the
thermodynamic properties of water over a broad region of
the phase diagram, such as the temperature of maximum
density of water around T=277 K at atmospheric pressure.
The TIP5P model also has a second critical point in the ac-
cessible region of the phase diagram. Our simulations are
performed using a cubic box with periodic boundary condi-
tions. We control the temperature using a Berendsen
thermostat.

Figure 1 shows the anomalous regions in the P-T phase
diagram obtained from our MD simulation results. Our re-
sults are similar to results for the SPC/E water �3�. We com-
pute D from the long-time behavior of the mean-square dis-
placement of the water molecules �r2�t��, using the Einstein
relationship 6D=d�r2�t�� /dt. We also compute the transla-
tional and orientational �tetrahedral� order parameters of wa-
ter for different state points. Both order parameters have
been widely used to investigate the structure of model liquids
�3,9,14,19�.

The excess entropy of water can be estimated from the
two-body contribution S�2� arising in the expansion of the
entropy in terms of partial N-body distribution functions us-
ing structural information in the form of oxygen-oxygen
�O-O� pair correlation function �PCF� g�r� �8,14,20�,
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Sex � S�2� = − 2��kB	 
g�r�ln�g�r�� − �g�r� − 1��r2dr ,

�2�

and it can estimate the excess entropy to a reasonable level
of accuracy for different model liquids �21–23�. For ex-
ample, for the Lennard-Jones system �21�, this two-body
contribution to the excess entropy is between 85% and 95%
over a fairly wide range of densities. It also captures the
structural anomaly of liquid silica �14� and SPC/E water
�15�.

The main change of g�r� of water upon compression oc-
curs in the range of the second coordination shell �2�, where
water molecules migrate from the second shell toward the
first shell. If the value of g�r� is close to 1, we can write that
ln�g�r��� ln�1+g�r�−1��g�r�−1. Thus from Eq. �2�,

S�2� � − 2��kB	 
g�r��g�r� − 1� − �g�r� − 1��r2dr �3�

�− 2��kB	 �g�r� − 1�2r2dr . �4�

Expression �4� is similar to the translational order parameter
t��
g�r�−1 
dr �3,24�, which quantifies the degree to which
a water molecule and its nearest neighbors adopt preferential
separations. This similarity is the reason why S�2� and t

show similar anomalies for waterlike model liquids
�3,8,9,14,19,24�.

We compute Sex using Eq. �2�. Figure 2�a� shows the tem-
perature and density dependence of Sex of TIP5P water,
qualitatively reproducing the result for SPC/E water �15�. Sex
shows normal behavior for T�300 K when it decreases with
density. Below T=300 K, Sex develops anomalous behavior,
increasing with density in an interval of density which wid-
ens upon cooling. This behavior is associated with the con-
tinuous change of structure upon compression and heating
from the LDL-like local structure �open tetrahedral structure
with low density, low entropy, and low energy� to the HDL-
like local structure �more closed structure with high density,
high entropy, and high energy� �2�. The anomalous change of
Sex is related to the density anomaly due to the negative
thermal expansion coefficient, arising from the relation
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FIG. 1. Three regions of the TIP5P phase diagram obtained from
our MD simulations. Data from Ref. �9�. Density anomaly region is
defined by temperature of maximal density �TMD� line, inside
which the density increases when the system is heated at constant
pressure. Diffusion anomaly region is defined by the loci of diffu-
sivity maxima-minima �DM�, inside which the diffusivity increases
with density at constant T. The structural anomaly region is defined
by the loci of translational order minima �tmin, �� and maxima
�tmax, ��, or orientational order maxima qmax ���, inside which
both translational and orientational orders decrease with density at
constant T �see Refs. �3,9� for details�. The dashed line �Widom
line� is the loci of the response function maximum �specific heat
CP�. C is the hypothesized liquid-liquid critical point according to
simulations of Ref. �18�.
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FIG. 2. Excess entropy of the TIP5P model of water S�2�. �a�
Temperature and density dependence of S�2�. From bottom to top,
the isotherms correspond to T=230,240,250,260,270,280,290,
300,310 K. �b� Temperature and density dependence of � �S�2�

� ln � �T.
From top to bottom, the isotherms correspond to T
=230,240,250,260,270,280,290,300 K. The horizontal lines in-
dicate the values of � �S�2�

� ln � �T above which there is anomalous behav-
ior of � and D, respectively �see discussion below Eq. �7��. Note
that � �S�2�

� ln � �T is plotted in a logarithmic scale. Therefore only positive
values can be seen, so the curve for T=310 K is not shown.
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kTV�P = ��V�S� , �5�

which predicts anticorrelation between the entropy and vol-
ume fluctuations. The Sex anomaly is also related to the
anomalous diffusivity increase with density due to the Adam-
Gibbs equation

D � exp�− B/�TSc�� , �6�

where Sc is the configurational entropy �25�.
Reference �8� has shown that in order to have waterlike

density and diffusivity anomalies, �
�Sex

� ln � �T needs to be larger
than some specific value. Due to the Maxwell relation, the
density anomaly � ��

�T �P�0 is equivalent to the entropy
anomaly � �S

�� �T�0. Thus from the definition of excess en-
tropy in Eq. �1�, it follows that �

�Sex

� ln � �T�ckB with c=1. From
the empirical Rosenfeld scaling relationship between diffu-
sivity and excess entropy D �1/3

T1/2 =0.6 exp�0.8Sex /kB� estab-

lished for various liquids �17�, it follows that �
�Sex

� ln � �T�ckB
with c=0.42 is a necessary condition for the diffusion
anomaly.

Therefore, the condition to have density and diffusivity
anomalies can be written as

� �Sex

� ln �
�

T

� ckB, �7�

where for the density anomaly c=c�=1, and for the diffusiv-
ity anomaly c=cD=0.42 �8�. For the two-scale ramp liquid
�8�, the behavior of S�2� is similar to the behavior of Sex with
respect to their changes with density. Moreover the region of
anomalies predicted by S�2� for ramp model is in agreement
with the results obtained by MD simulation. It is known that
two-scale ramp potential can reproduce waterlike density and
diffusion anomalies �9�. Thus we assume that we can use S�2�

to predict anomalies of water instead of Sex. To predict the
regions of density and diffusivity anomalies, we show den-
sity and temperature dependence of � �S�2�

kB� ln � �T in Fig. 2�b�.
The anomalous regions for density and diffusivity can be
identified by finding the range of density between which the
value of � �S�2�

kB� ln � �T for different T is greater than c� or cD,
respectively.

Figures 3�a� and 3�b� compare the regions of anomalies
for density and diffusivity, respectively, in the T-� plane with
the predictions of Eq. �7� �open symbols�. Figure 3�c� com-
pares the regions of the structural anomaly quantified by the
anomalous behavior of Sex and the order parameters t and q
obtained from MD simulations. These results suggest that for
water the two-body contribution S�2� captures most of the
change of the excess entropy with density. Thus we conjec-
ture that the three-body and higher-body terms have small
changes with density. These results indicate that Eq. �7� not
only relates the behavior of the excess entropy to the anoma-
lies in a spherically symmetric ramp model �8�, but also ap-
plies to water. It would be interesting to test the results of our
simulations using experimental data on the O-O PCF for a
range of temperatures and densities.

Near the critical point, the total correlation function h�r�
�g�r�−1 has the asymptotic behavior for r→� �26�,

h�r� � r−�d−2+	� exp�− r/
� , �8�

where 
 is the correlation length, d is the dimension �3 in our
case� and 	�0 is correlation function decay exponent.
Hence using Eq. �8�, we can rewrite Eq. �4� as

S�2� � − 2��	 
h�r�
2r2dr �9�

�− 2��	 exp�− 2r/
�dr = − ��
 . �10�

We find
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FIG. 3. Comparison of the boundaries of anomalous regions
with the prediction based on the excess entropy calculation within
T-� plane for TIP5P water. �a� Density anomaly region. �b� Diffu-
sion anomaly region. Filled symbols are results based on MD simu-
lations and open symbols are results based on the prediction of Eq.
�7�. �c� Comparison of the loci of excess entropy extrema from Fig.
2 with the structural anomaly regions found by MD simulations.
The open triangles denote the loci of excess entropy S�2� extrema.
The filled triangles denote the loci of extrema of translational order
t. The filled diamonds denote loci of maxima of orientational order
q.
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� �S�2�

��
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��
�
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�P
�
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� �P

��
�

T
. �11�

Near the critical point of fluids, the scaling law between P
and � can be expressed as 
P− Pc 
 =A
�−�c
�, where A is
constant, Pc and �c are critical pressure and density, and �
�5 is the critical exponent �26�. Therefore, the term � �P

�� �T
� 
�−�c
4→0 upon approaching �c. Equation �11� suggests
that we can estimate the Widom line of water by finding the
maximum of � �S�2�

�� �, since the Widom line corresponds to the
locus of maxima of the correlation length.

Figure 4�a� shows that � �S�2�

�� �T as a function of density and
temperature reaches a maximum at a specific density �max�T�
along a fixed T path, or reaches a maximum at a specific
temperature Tmax��� along a fixed � path. The contour plot of
� �S�2�

�� �T in Fig. 4�b� predicts two lines corresponding to the
loci of maxima in � �S�2�

�� �T along constant-T and constant-�
paths. These two �bold� lines asymptotically approach each
other as they come closer to the critical point. The common

asymptote provides a quantitative prediction of the Widom
line based on the excess entropy. Therefore, the excess en-
tropy computed from the O-O PCF can predict the location
of the Widom line and therefore the approximate location of
other response function maxima, such as CP and KT.

The excess entropy can also predict the location of the
dynamic transition from fragile to strong behavior in super-
cooled water �4�. The relationship between configurational
entropy Sc and diffusivity D of water is known to be well
approximated by the Adam-Gibbs equation �6�. A different
relation between Sex and D was proposed for waterlike core-
softened repulsive simple potential liquid, binary Lennard-
Jones alloy �27� and SPC/E water �15�,

D�T� � exp�b���Sex� , �12�

where b��� is a T-independent parameter and � is constant.
Our calculation �Fig. 5� confirms these results for the TIP5P
water.

In summary, our MD study using the TIP5P shows that
two-body excess entropy, obtained from the O-O PCF, can be
used to predict the thermodynamic and dynamic properties
of water, and it can also estimate the location of the LDL-
HDL Widom line. Our results imply that it is possible to
estimate the thermodynamic and dynamic anomalies of liq-
uid from the structural change, and it is also possible to
relate structural change to the correlation length maximum
and therefore the hypothesized LDL-HDL critical point.
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FIG. 4. �a� The three-dimensional plot shows the temperature
and density dependence of � �S�2�

�� �T with the contour plot projected on
the T-� plane. There is a locus of the maximum in � �S�2�

�� �T along the
constant-T path and constant-� path. �b� The two-dimensional con-
tour plot of � �S�2�

�� �T shows that the locus of its maximum forms two
lines �the bold lines� along constant-T path and constant-� path,
respectively.
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